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Overview

Multiple sequence Alignment
m Basic Definitions
m Why Multiple sequence comparison?
m Multiple Alignment Problem
m Sum-of-Pairs Scores
Algorithms:
m Generalization of the Universal Alignment Algorithm

m The Center Star approximation
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Basics

Definition
Multiple Sequence Alignment (MSA) is generalization of pairwise alignment
with more than two sequences.

Applications

m Compute motifs (eg. transcription factor binding sites)

m Detect homologous residues and estimate their conservation
m Predict the secondary structures of proteins
]

Infer the evolutionary history of the sequences

One or two homologous sequences whisper...
a full multiple alignment shouts out loud. (Hubbard et al., 1996)
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MSA example (60S acidic ribosomal protem PO)
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By Miguel Andrade, CC-BY-SA 3.0, wikipedia:RPLPO 90 ClustalW aln.gif

Algorithmic Bioinformatics

UNIVERSITAT

@ =%

SAARLANDES

SN YFLKETGEIDDEPKCETVCA] RS DREK - AVVLMER R
SNYFLKIIQLLDD¥PKCFIVGA TRMS LRGK - AVV LMG] RKAT
SNYFLKIIQLL FIVGAI TRMS LRGK - AVV LMG] REAT)
SNYFLKIIQLLDDY¥PKCFIVGAI IRMS LRGK - AV LMG] RKAT
SNYFMKIIQLLDD¥PKCEY VGA TRMS LRGK - AV LMG] RKAT
SNYFLKIT] L] X1 'FIVGAI T S LRGK - AVY LMG! [RKATI
SNYFLKIIQLLDD¥PKCFIVGAI IRLS LRGK - AVY LMG! RKAT)
SNYFLKIIQLLNDY¥PKCFIVGAI IRLSLRGK- ATV LMG! RKAT
(AQ YFIKVVELFDEFPKCFIVGA IRTSLRGL-AVY LMG! RKAT
KLFIEKATKLETT¥DKMIVAEAI IRKS IRGI-GAY LMG! IRKVI
NVFIEKATKLETT¥DKMIVAEAI IRKS IRG I-GAV LMG! IRKVI
QMYIEKLSSLIQQ¥SKILIVHY. VRKS LRGK - AT LMG] IRTALI
VDEVAELTEKLKTHKT ITIANIEGFP ADKLHE IRKK LRGK - ADT v LEN IAL
TEEVKELEQKLREYHT ITTANTEGFPADKLHD IRKKMRGM- mzx FGIARRN
LEEVKELTELIKNSNT ILIGNLEGFP ADKLHE IRKKL FK IARKN
‘T LMLRELEELFSKHRVVLEADLT TR HF v VORVRKK LWKK - nmvn RIILEAMI
KIVSEATELLQKY¥PYYFLEDLHGLS RILHEE:RL RY-GVIRIT FK IAFTKVY¥GE - - - TRAH
KDEIENIKELIQSHKVFGMVEIEG ILATKMIK IRRDLKDY - AVLKY] EALNOLE
KDEIENIKELIQS KVFGMVRIEILATKI IRRDLKDYV-AVLKY! RALNOLG -

MAAVRGS»——PPE!XRAVEEIKRHISSKEVVBIVSFRNVPAG i LERALDALG-
REVKELKELMDEFENVGLVDLEGTP AP I MR IALEEKLDER--PEL]
KKEVQELHDLIKGYEVYGIANLADIP ARQLOKM ISLALEKAGREL--ENYD
IEEVNKLKELKNGQIVBLVDMMEVPARI?.I:I IE?I!EVB [ETGNPEFA
IEEVNALKELLKSANYIALIDMMEVPAVOLQE T IKRAVEEVAEE TGNPEFA
IEEVKT LKGLTKSKPVVATVDMMDYP APQLOE T TIRALKEAAEE LNNPKLA
KKEVEELANLIKS VIALVDVYSSMPAYPLSQM IELATI ARQELGKPEL]
KKEVEELAKLIKS¥PVIALVDYSSMPAYPLSQM] IELATKKAAKE LGKPEL
KKEVEELANLIKS¥PVVALVDYSSMPAYPLSQMI IELATRKVAQE LGKPEL
KKEVEELANIIKSY¥PVIALVDYAGVPA YD LR-GKALLRY! TELATKRAAQE LGOPEL
QEEVDAIVEMIESYESVGYVNIAGIP! RDLHGT - AELRV} LE vD
REEVDELVDFIESYESVGVVGVAG IR, RELHGS - AAV VN
RQEVAELVDLLET¥DSYGVVNVTG IR RELHGQ- AAL! LY
KE LYNE IT@RIKASRS VAIVDIAG IR KNEGK- INLRV I LF
KE IVSELAQD ITKSKAVAIVDIKGY AKNRDK-VKIRVY LF
IDFVK“LE“EINSRKVAAIVSIKGLRN“IFIKI NS T K-ARIKY] RLLRLAIE“EK———»““IV
....... 5060 nan0allE000a0000800 000000800080 8888R0 8806658600500 a00000EK0

ZENTRUM FR
BI0INFORMATIK

zBI



Definition

Multiple Alignment Alphabet
m Let X be the character alphabet.

m Then A(k) := (Z U {-})*\ {(-)*} is the multiple alignment alphabet
of k sequences.

Example
For k =3 and ¥ = {A, G}, there are 26 elements:
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Global MSA
Global Multiple Sequence Alignment (MSA)

A global multiple alignment A of s1,...,sx € X* is a sequence over A(k)
with projections (i1 (A) = s; forall i =1,... k.
Definition: Projections

The projection 7y of an alignment column c to the ith sequence
is the function A(k) — £’ := XU X! with

a_l L aj ifa,-;é—,
Tr{l}(c B (a.k)) T {6 If aj = —.

The projection of a multiple sequence alignment A = ¢ - - - ¢, to sequence i
is the concatenation of the projections of the respective columns:

Tr{,-}(A = (Cl, 5oog Cn)) = 7T{,-}(C1) ce 7T{,-}(Cn).

Algorithmic Bioinformatics 1z 7B .



Projection to Index Set

Definition
The projection 7z of an alignment column c to the index set Z = {i1,...,iq}
is the function A(k) — A(q)’ with:

a . <a;'q) (_) |
mz(c = ( ; )) = <:1) S

The projection of a multiple sequence alignment A= ¢; - - ¢, to index set Z
is the concatenation of the projections of the respective columns:

Ak

7TI(A) = 7TI(C1) s 7TI(C,,) .
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Example

- ACC - - ATG
A:—A—CGAAT—
T ACC - - AG G
- A - C CAATG
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Example
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Example

- ACC - - ATG
A=A -ceaaT -
“|TACcc- - A6

~ A- CCAATG
ACC- - ATG

ﬂ{l’z}(A):(A— C G A A T—)
N_(TACC-—-AGG

maa(A)={_ 4 CCAATG
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Why multiple sequence comparison
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Why multiple sequence comparison

Pairiwse alignment ambiguities may be resolved by additional information.

Example
s; = VIEQLA and s, = VINLA may be aligned in the two different ways:

A_(V I EQLA

1=\v I N - L A
and

A _(V I E QLA

2=\ I - N L A

Additional sequence s3 = VINQLA shows that alignment A; is probably the correct one.
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Multiple Alignment Problem

Multiple Sequence Alignment Problem

Given k sequences s, s, ..., Sk and alignment score (cost) function S (D), find an
alignment A°P* of s1, sy, ..., s¢ such that S(A°P') is maximal (D(A°P') is minimal)
among all possible alignments of s3, s», ..., sk.

Such an alignment A°P! is called an optimal alignment, and

S(s1,92, ...y Sk) := S(A°P) is the optimal alignment score and
D(s1, %, ..., 5k) := D(A°P') is the optimal alignment cost of s1, sy, ..., Sk-

Algorithmic Bioinformatics Hﬁ] Sinocs S ZBUE
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(Weighted) Sum-of-Pairs Score (Cost)

Definition
Score a multiple alignment by the sum of scores of all pairwise projections.

S[W]SP(A) = Z [WPJI] : S(ﬂ-{p,q}(A))

1<p<q<k
= 2

Sz

vvvvvvvvvvv
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Example: Weighted Cost of an Alignment

[Weighted] Cost/Distance

D[W]SP(A) = Z [WP#] : D(Tr{p,q} (A))
1<p<q<k

Let s; = CGCTT, s, = ACGGT, s3 = GCTGT.

c G C T
AA=|- A C G G
G C T

~~ -

Let D be the unit cost edit distance.
Then Dsp(A) =4+2+2=38,
and DWSP(A) = 4W1’2 aF 2W1’3 aF 2W2’3.

Algorithmic Bioinformatics
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Example: Sum-of-Pairs MSA

Let s; = CGCG, s, = ACGC and s3 = GCGA.
In a unit cost scenario, the (only) optimal alignment of s; and s, is:

A2 _(— €6 cC6
AC G C —

with cost D(A(12)) =2,
The (only) optimal alignment of s; and s3 is

A9 _ (€ G C G -
- G C G A

with cost D(A(13)) = 2.

Algorithmic Bioinformatics [ﬁn Sinocs S ZBUE
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Example: Sum-of-Pairs MSA

Combining the two alignments into one multiple alignment,
using the common sequence s; as seed, yields the multiple alignment

- C G C G -
AA2M3) A ¢c 6 ¢ — —
- — G C G A
with cost D(A((12):(13)) =2 4.2 4 4 =8,
However, this is not the sum-of-pairs optimal alignment, which is

c 6 C G

with cost D(APY) =2 4+3+2=7.

Algorithmic Bioinformatics [ﬁn Sinocs 2 ZBU 15



Algorithms for Sum-of-Pairs Multiple Alignment
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Alignment Graph: From 2 to k Dimensions

S2

S2

|

Algorithmic Bioinformatics

P53 ZBI N




An Exact Solution: Universal Alignment Algorithm

The Needleman-Wunsch algorithm for pairwise global alignment

can be generalized for the multiple alignment of k sequences si, s, ...

of lengths ny, no, ..., n, respectively.

Algorithmic Bioinformatics ﬂ@] Hieumoss
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An Exact Solution: Universal Alignment Algorithm

The Needleman-Wunsch algorithm for pairwise global alignment
can be generalized for the multiple alignment of k sequences si, sp, ..., Sk
of lengths ny, no, ..., n, respectively.

m k-dimensional weighted edit graph
m Edge e corresponds to a possible alignment column c
m Each edge weighted by its corresponding alignment score w(e) = S(c¢)

m Optimal alignment = maximum scoring path from source to sink.

Algorithmic Bioinformatics
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An Exact Solution: Universal Alignment Algorithm

The Needleman-Wunsch algorithm for pairwise global alignment
can be generalized for the multiple alignment of k sequences si, sp, ..., Sk
of lengths ny, no, ..., n, respectively.

k-dimensional weighted edit graph
Edge e corresponds to a possible alignment column ¢

m
m
m Each edge weighted by its corresponding alignment score w(e) = S(c¢)
m

Optimal alignment = maximum scoring path from source to sink.

Minimization version
For each vertex v in the edit graph in topological order:

D(v) = min{D(v") + w(v' = v) | v/ is a predecessor of v}.

Algorithmic Bioinformatics [ﬁﬂ Sinocs 2 ZBU 18



Universal Algorithm Explicitly

D(0,0, ...,0) = 0 and

v

P
D(i17i27"‘7ik) = min
Al,...,AkE{O,l}
Ap+-+D#0
alignm.col.
——
predecessor v’ Ars[ii—1]
D(i1—Al,iz—A27-~-aik—Ak)+DSP( : >
Agsilik—1]

Notation: Force X, let Ac:=cif A=1and Ac="-"if A=0.

Algorithmic Bioinformatics H@] Sinocs S ZBUE
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Universal Algorithm Explicitly

D(0,0, ...,0) = 0 and

v
D("—'/h') :
11,12,y i) = min
b kT A AE{0,1}
Ap+-+D#0
alignm.col.
—_——
predecessor v’ Ars[ii—1]
D(il_A17i2_A27"'aik_Ak)+DSP( >
Agsk[ik—1]
Notation: For ce X, let Ac:=cif A=1and Ac="-"if A =0.

Observation: In general, a node has 2¥ — 1 predecessors.
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Space and Time Complexity of Sum-of-Pairs Multiple Alignment

Space Complexity

The space complexity is the size of the k-dimensional edit graph:
O(niny ... nk) = O(n¥) if nis the maximum sequence length.

Algorithmic Bioinformatics [ﬁn Sinocs S5 ZBUE

20



Space and Time Complexity of Sum-of-Pairs Multiple Alignment

Space Complexity

The space complexity is the size of the k-dimensional edit graph:
O(niny ... nk) = O(n¥) if nis the maximum sequence length.

We can save one dimension if we do not need traceback: O(n*—1).
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Space and Time Complexity of Sum-of-Pairs Multiple Alignment
Space Complexity

The space complexity is the size of the k-dimensional edit graph:
O(niny ... nk) = O(n¥) if nis the maximum sequence length.
We can save one dimension if we do not need traceback: O(n*—1).
Time Complexity
= O(n*¥) nodes to compute
m For each node: minimization/maximization over O(2X) predecessors
m For each predecessor: Compute edge cost/score: O(k?) (sum-of-pairs)
Total (for linear gap costs): O((2n)* - k?)

Algorithmic Bioinformatics @] Sinocs S5 ZBUE
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Space and Time Complexity of Sum-of-Pairs Multiple Alignment
Space Complexity

The space complexity is the size of the k-dimensional edit graph:
O(niny ... nk) = O(n¥) if nis the maximum sequence length.
We can save one dimension if we do not need traceback: O(n*—1).
Time Complexity
= O(n*¥) nodes to compute
m For each node: minimization/maximization over O(2X) predecessors
m For each predecessor: Compute edge cost/score: O(k?) (sum-of-pairs)
Total (for linear gap costs): O((2n)* - k?)
NP Hardness

Optimal Multiple Alignment with both weighted and unweighted sum-of-pairs score
(or distance) is an NP-hard optimization problem in k (Wang and Jiang, 1994).

Algorithmic Bioinformatics [ﬁﬂ Sinocs S ZBUE
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Approximation Algorithms
c-approximation, ¢ > 1
For ¢ > 1, an algorithm for a cost or distance minimization problem is a

c-approximation if its output solution has cost at most ¢ times the optimal solution:

output < c - opt

min

For a maximization problem, an algorithm is called a c-approximation if its output
solution has score at least % times the optimal solution:

output > opt,,../c

Algorithmic Bioinformatics [ﬁn Sinocs 2 ZBU 21



Approximation Algorithms
c-approximation, ¢ > 1

For ¢ > 1, an algorithm for a cost or distance minimization problem is a

c-approximation if its output solution has cost at most ¢ times the optimal solution:

output < c - opt

min
For a maximization problem, an algorithm is called a c-approximation if its output
solution has score at least % times the optimal solution:

output > opt,,./c

Opinion
Theoretical computer scientists like approximation algorithms. | don't:

Even a 2-approximation algorithm is bad in practice (in the worst case).
Good: (1 + €) approximation algorithm for every €, polynomial time.

Algorithmic Bioinformatics [ﬁﬂ Hiniwoss S5 ZBUE
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The Center Star Approximation

Algorithm

The center star algorithm (Gusfield, 1991, 1993) is a 2-approximation
for the sum-of-pairs distance multiple alignment problem
if the underlying weighted edit distance satisfies the triangle inequality.

Example

ELEPHAN

PHANTOM » ELEPHONE

Algorithmic Bioinformatics [ﬁn Sinocs S ZBUE
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The Center Star Approximation

Overall distance
For each sequence s,, 1 < p < k, its total distance d, to the other sequences
is the sum of the pairwise optimal alignment costs:

dp = Z d(sp sq)

1<q<k

Idea

let s. be the sequence that minimizes this overall distance, called center sequence.

A multiple alignment A. is constructed from all pairwise optimal alignments where the
center sequence is involved, i.e., all the optimal alignments of s. and the other sp,

p # c, are combined into one multiple alignment A..

Algorithmic Bioinformatics @] Sinocs S5 ZBUE

23



Center Star Theorem

Theorem
The Center Star algorithm is a 2-approximation for the optimal sum-of-pairs multiple
alignment: Dsp(Ac) < 2 Dsp(A*).

Algorithmic Bioinformatics [ﬁn Sinocs 2 ZBU
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Center Star Theorem

Theorem
The Center Star algorithm is a 2-approximation for the optimal sum-of-pairs multiple
alignment: Dsp(Ac) < 2 Dsp(A*).

Proof.

Write D for the cost of the induced pairwise alignment 7(; 5 (A), and D} for A*.
Write d(s;, s;) for the (optimal) pairwise distance between s; and s;.

Lemma: Df < d(sj,sc) + d(sc,s;) for all i, j (proof follows).

Algorithmic Bioinformatics H@] Sinocs 2 ZBU 24



Center Star Theorem

Theorem

The Center Star algorithm is a 2-approximation for the optimal sum-of-pairs multiple
alignment: Dsp(Ac) < 2 Dsp(A*).

Proof.
Write D for the cost of the induced pairwise alignment 7(; 5 (A), and D} for A*.
Write d(s;, s;) for the (optimal) pairwise distance between s; and s;.

Lemma: Df < d(sj,sc) + d(sc,s;) for all i, j (proof follows).

Then, 2Dsp(Ac) = ;2 Df < 31 [d(siy se) + d(se, 5)] = 2(k —
Also, 2DSP(A*) = Z,#_, D,* > 2,75_] d(S,’,SJ) Z Z_Hél (Si?SJ) =
by the choice of c.

nnnnnnnnnnn
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Center Star Theorem

Theorem

The Center Star algorithm is a 2-approximation for the optimal sum-of-pairs multiple
alignment: Dsp(Ac) < 2 Dsp(A*).

Proof.
Write D for the cost of the induced pairwise alignment 7(; 5 (A), and D} for A*.
Write d(s;, s;) for the (optimal) pairwise distance between s; and s;.

Lemma: Df < d(sj,sc) + d(sc,s;) for all i, j (proof follows).

Then, 2Dsp(Ac) = ;2 Df < 31 [d(siy se) + d(se, 5)] = 2(k —
Also, 2DSP(A*) = Z,#_, D,* > 2,75_] d(S,’,SJ) Z Z_Hél (Si?SJ) =
by the choice of c.

It follows that Dsp(Ac)/Dsp(A*) < 2(k —1)/k < 2 for any k. O

nnnnnnnnnnn
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Proof of Lemma

Lemma
Df < d(si,sc) + d(sc, ;) for all i, j

Algorithmic Bioinformatics
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Proof of Lemma

Lemma
D < d(si,sc) + d(sc,sj) for all i, j

Proof.
Because the cost function satisfies the triangle inequality, we have for all i, j:

Dg < D + DS

Because the induced alignments involving the center sequence are by construction
optimal, we have D{ = d(s;, sc) and D¢ = d(sc,sj). The lemma follows.

Algorithmic Bioinformatics @] Sinocs S ZBUE
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Time and Space Complexity

Time complexity

m Phase 1: Compute (é) pairwise alignments; pick center: O(k?n?)
m Phase 2: Combine k — 1 alignments into one multiple alignment: O(kzn)

= Overall running time: O(k?n?)

Algorithmic Bioinformatics 1 7B .
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Time and Space Complexity

Time complexity

m Phase 1: Compute (é) pairwise alignments; pick center: O(k?n?)
m Phase 2: Combine k — 1 alignments into one multiple alignment: O(kzn)

= Overall running time: O(k?n?)

Space complexity
m O(n+ k) for computing and storing k computed values of d,

m O(k?n) to store k pairwise alignments and intermediate/final multiple alignments
(size of multiple alignment: up to O(nk) columns, typically only O(n))

m Overall space complexity: O(k?n)

Algorithmic Bioinformatics @] Sinocs 2 ZBU 26



Summary

Multiple Sequence Alignment (MSA)
m Sum-of-pairs objective function
m Universal DP algorithm: exponential space and time in k; NP-hard
m The Center Star 2-approximation: O(n?k?) time, O(k?n) space

Algorithmic Bioinformatics Hﬁ] Sinocs S ZBUE

27



Possible Exam Questions

Define a global multiple sequence alignment (MSA).

What is the advantage of an MSA compared to a pairwise alignment?
Define the sum-of-pairs objective for MSA.

Do you know an algorithm to find the optimal MSA (wrt this objective)?

What is its time and space complexity?

Is there an exact algorithm with running time
polynomial in the number of sequences k?

What is an approximation algorithm?
Explain the Center Star algorithm and its assumptions.
What is its running time?

Can you sketch the ideas for proving it to be a 2-approximation?



